
HW 10 SOLUTIONSProblem 1H&F Chapter 7, problem 2To see that ~! transforms as a pseudove
tor (i.e. doesn't 
hange sign underinversion), re
all that ~! = (!x; !y; !z) really 
omes from the antisymmetri
tensor A = 0B� 0 �!z !y!z 0 �!x�!y !x 0 1CA (1)so to investigate the transformation properties of ~! we must really investigatethe transformation properties of A. But we know that under a transformationrepresented by an orthogonal transformation R, we haveA0 = RA ~R (2)in terms of matrix multipli
ation. For inversion R = �I, soA0 = (�I)A(�I) = A (3)so A, and hen
e ~!, are invariant under inversion.Alternatively, one 
ould note that for(v1; v2; v3) = (!1; !2; !3)� (r1; r2; r3) (4)to hold in the inverted frame the wi must not 
hange sign, sin
e the vi andri will.Problem 2H&F Chapter 8, Problem 4We are to 
ompute the prin
ipal moments of inertia of a 
ir
le of massM. Assume the 
ir
le lies in the x-y plane. Then 
learlyIzz =MR2 (5)1



We also have Ixx = I y2dm (6)= I y2� ds (7)= 4 Z R0 (r2 � x2)� M2�R�s1 + x2R2 � x2 dx (8)= 2M� Z R0 pR2 � x2 dx (9)= MR22 (10)whi
h is of 
ourse the same as Iyy by symmetry.H&F Chapter 8, Problem 5Assume the rod lies along the x-axis with 
enter of mass at the origin asusual. Then we have Ixx = 0 (11)Iyy = 2 Z l20 Ml x2 dx = Ml212 (12)Izz = Iyy = Ml212 (13)Problem 3H&F Chapter 8 Problem 8By symmetry all moments will be the same so we take the easiest routeand 
ompute Izz in spheri
al 
oordinates:Izz(spheri
al shell) = IS2 �(x2 + y2) dA (14)= Z �0 Z 2�0 ( M4�R2 )(R2 sin2 �)(R2 sin � d�d�) (15)= MR22 Z �0 sin �(1� 
os2 �)d� (16)= 23MR2 (17)2



Similarly, Izz(sphere) = M43�R3 Z R0 Z �0 Z 2�0 r4 sin3 � d�d�dr (18)= 25MR2 (19)H& F Chapter 8 Problem 11Following the book's advi
e we �rst 
ompute the moments about an originlo
ated halfway along the baseline between the two masses m1. The ve
torpointing from the CM to this point is ~a = �dŷ, where d = m2hM . The o�-diagonal elements of the inertia tensor 
an
el by symmetry and we haveIxx = m2h2 (20)Iyy = 2m1(a24 ) (21)Izz = 2m1(a24 ) +m2h2 (22)so the inertia tensor for this origin isI~a = 0B� m2h2 0 00 m1a22 00 0 m1a22 +m2h2 1CA (23)Then the displa
ed axis theorem gives usICM = I~a �M 264d2I � 0B� 0 0 00 d2 00 0 0 1CA375 (24)= 0BB� 2m1m2h2M 0 00 m1a22 00 0 m1a22 + 2m1m2h2M 1CCA (25)Problem 4H&F Chapter 8 Problem 13 3



a)We have KE = KErot +KECM = 12mv20 + 12I3!20 (26)~L = I3 ~!0 (27)b) We have KE = KErot +KECM = 12mv20 + 12I!20 (28)~L = I ~!0 (29)Problem 5H&F Chapter 8 Problem 17From the LagrangianL = T = I2( _�2 + _�2 sin2 �) + I32 ( _ + _� 
os �)2 (30)we have the following Euler-Lagrange equations, where we have used the fa
tthat � and  are 
y
li
:_� sin �(I _� 
os � � I3( _ + _� 
os �)) = I �� (31)ddt(I _� sin2 � + I3 
os �( _ + _� 
os �)) = 0 (32)ddt(I3( _ + _� 
os �)) = 0: (33)We may immediately integrate (33) and (32) and then plug the results into(31) to get I �� = _� sin �(I _� 
os � � L3) (34)I _� sin2 � + L3 
os � = l (35)I3( _ + _� 
os �) = L3 (36)where 
omparison between (36) and the text's eqn (8.68) reveals that L3really is the z-
omponent of the angular momentum (in the body frame) and4



the suggestive naming of the 
onstant of integration in (35) will be justi�edshortly. In prin
iple we 
ould now solve (35) and (36) for _� and _ in termsof � and then plug in to (34) but this yields a highly nonlinear ODE for �.Instead, we follow the book and make a 
onvenient 
hoi
e of 
oordinates:sin
e ~L is 
onstant, we may 
hoose our spa
e axes so that~L = Lẑ0 (37)Now, sin
e L3 is the 
omponent of ~L along the body z-axis and the bodyz-axis makes an angle � with the spa
e z-axis, we haveL3 = L 
os � (38)and sin
e L and L3 are 
onstant (the latter by (33)) we have that 
os �, andhen
e �, are 
onstant as well. Now we 
ould substitute (38) into (35) and(36) and solve for _�; _ as fun
tions of time, but �rst we should determinethe relationship bewteen L and l. To do this, note that in the body frame(denoting the moment of inertia tensor by I),~Ljbody = Ijbody~!jbody = 0B� I 0 00 I 00 0 I3 1CA0B� !1!2!3 1CA = 0B� I!1I!2I3!3 1CA (39)so ifU = 0B� 
os 
os�� 
os � sin� sin � sin 
os �� 
os � sin� 
os sin � sin�
os sin�+ 
os � 
os� sin � sin� sin + 
os � 
os� 
os � sin � 
os �sin � sin sin � 
os 
os � 1CA(40)is our rotation matrix, then we better have~Ljspa
e = U~Ljbody = 0B� 00L 1CA : (41)Using (40), (39) and the text's eqn (8.68) whi
h gives the 
omponents of~!jbody in terms of the Euler angle and their time derivatives, we 
an writeout the third 
omponent of (41), whi
h after some 
an
ellations isL = I _� sin2 � + L3 
os � = l: (42)5



Now we 
an solve (35) and (36) for _�; _ in terms of L and 
os �, yielding_� = LI (43)_ = L 
os � � 1I3 � 1I� (44)so then we �nally have � = 
onstant (45)� = LI t+ �0 (46) = L 
os �( 1I3 � 1I )t +  0 (47)A little re
e
tion on the de�nition of the Euler angles will show that _ is 
,the rate at whi
h the top spins around the body z-axis, and that _� is !p, therate of pre
ession, so we have
 = L 
os � � 1I3 � 1I� (48)!p = LI (49)whi
h agrees with the text's eqns (8.46) and (8.47).
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