
HW 7 SOLUTIONSProblem 1HF Chapter 5, problem 4In terms of z, we have (using � = zk)r(t) = (roszk ; rsinzk ; z) (1)so the Lagrangian is L = m2 (1 + r2k2 ) _z2 �mgz (2)so the onjugate momentum isp = m(1 + r2k2 ) _z (3)so we have _z = pm(1 + r2k2 ) (4)so the Hamiltonian isH = p2m(1 + r2k2 ) � L = p22m(1 + r2k2 ) +mgz (5)and Hamilton's eqns are therefore (4) and_p = ��H�z = �mg: (6)Substituting (4) into (6) yieldsm(1 + r2k2 )�z = �mg (7)or �z = � g1 + r2k2 (8)whih an be immediately integrated to obtainz(t) = z0 + v0t� g2(1 + r2k2 )t2 (9)1



Problem 2H+F Chapter 6 Problem 12bSine Ij doesn't ontain time expliitly and the Lagrangian is invariantunder the transformation that generates it, we know dIjdt = �Ij�t = 0, so by thetext's eqn (6.130) we have [H; Ij℄ = 0.Problem 3Prove that the Poisson Brakest satisfy the Jaobi identity.This problem is a straightforward omputational veri�ation so we omitit's solution.Problem 4H+F Chapter 6 Problem 14a)We have, using the easily veri�ed formulae [AB;C℄ = A[B;C℄+[B;C℄A; [A;BC℄ =[A;B℄C +B[A;C℄,[H;F ℄ = [ p22m; x� ptm ℄ = 12m(p[p; x℄ + [p; x℄p) = � pm (10)while �F�t = � pm (11)so dFdt = [F;H℄ + �F�t = 0 (12)so F is onstant.b) If F,G are onstants of the motion we have, using eqn (6.130) a few times(whih in this ase just reads [H;F ℄ = �F�t ), the Jaobi identity, and theantisymmetry of the Poisson Braket,d[F;G℄dt = [H; [F;G℄℄ + �[F;G℄�t (13)= �[F; [G;H℄℄� [G; [H;F ℄℄ + [�F�t ; G℄ + [F; �G�t ℄ (14)2



= �[F; [G;H℄℄� [G; [H;F ℄℄� [[F;H℄; G℄� [F; [G;H℄℄ (15)= 0 (16))From (6.130), �F�t = dFdt � [F;H℄ = �[F;H℄ (17)whih is a onstant of the motion by part b) and the fat that F,H werethemselves onstants of the motion by assumption.Problem 5H+F, Chapter 6 Problem 15a) We'll prove [lx; ly℄ = lz. The alulation for yli permutations is totallyanalogous. We make extensive use of the equation [xi; pj℄ = Æij,the bilinearityof the Poisson Braket (i.e. [A+B,C℄=[A,C℄+[B,C℄), and the ommutatorprodut rule quoted in the solution to Problem 4a):[lx; ly℄ = [ypz � zpy; zpx � xpz℄ (18)= [ypz; zpx℄ + [zpy; xpz℄ (19)= y[pz; z℄px + x[z; pz℄py (20)= xpy � ypx (21)= lz (22)b) We'll ompute the ommutator of lz with eah omponent of r and p, andthen just quote the general result for the ommutators with ly and lx.[lz; x℄ = [xpy � ypx; x℄ = �y[px; x℄ = y (23)[lz; y℄ = [xpy � ypx; y℄ = x[py; y℄ = �x (24)[lz; z℄ = [xpy � ypx; z℄ = 0 (25)[lz; px℄ = [xpy � ypx; px℄ = [x; px℄py = py (26)[lz; py℄ = [xpy � ypx; py℄ = �[y; Py℄px = �px (27)[lz; pz℄ = [xpy � ypx; pz℄ = 0 (28)3



In general, [li; rj℄ = �ijkrk (29)[li; pj℄ = �ijkpk (30)
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