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Advanced topics in ordinary differential equa-
tions
13.1 TI'-functions

The I'-function is a generalization of the factorial to complex numbers. I'(2) is
defined for complex numbers z such that for positive integers: I'(n) = (n—1)!.
For Rz > 0 it is defined as:

['(z) = / t* e tdt.
0
For Rz < 0 we have to use analytic continuation or the formula:
1
[(z) =-T'(z+1).
z

This formula can be used several times so that:

1

z+1)---(z+n—1)r(z+n)'

I'(z) = =

This formula shows that I'(z) has simple poles for z = —n where n is a

nonnegative integer. Note that:

rey = /Ooo %etdt — /7.

13.2 Confluent hypergeometric functions

The confluent hypergeometric function is a holomorphic function defined by:
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Note that it converges for all finte z. The parameter « is arbitrary while + is
not allowed to be zero or a negative integer. Note also that F(a, a, z) = €?
and the relation:

F(a,v,2) = eF(y — a,7, —2).

The function ¢(z) = F(a, 7, z) satisfies the differential equation:
A+ (2 — ot =0,

The second independent solution of this equation is given by: 2! 7 F(a— v+

1,2 — 7, 2), as is easily checked. So the general solution is of the form:
Y =C1F(a,7,2) +Coz" TF(a— 7y +1,2—17, 2).

We sometimes need to know the asymptotic expansion for large z. It is:
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For « that is a negative integer we have the equation:

1 21_7£(6_227+n_1),
y(y+1)---(y+n-1) dzm

F(—TL, %> Z) =

13.3 Application to the Coulomb field

The confluent hypergeometric function appears in the solution of Schrodinger’s
equation in a Coulomb potential. The radial wave-function of the continuous

spectrum is:
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where C} are normalization factors. If we take

/2«
Ck =/—ke2*
T

then the asymptotic behavior of Ry; can be calculated as:
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where: P
o =argl(l+1— W)

Note that this is not quite the standard asymptotic behavior of a radial
wave-function. The factor log2kr does not appear in the usual expansion.
The Coulomb force does not decay fast enough as » — oo to have the usual
asymptotic behavior. But since the only correction is a term that is inde-
pendent of [, we can use J; as the phase-shifts in our scattering formulas.

For more details see Landau& Lifshitz appendix d.



